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Abstract 
Lamken, E.R., 3-Complementary frames and doubly near resolvable (v, 3, 2)BIBDs, Discrete 
Mathematics 88 (1991) 59-78. 
In this paper, we construct (1.2; 3, v, I)-frames or DNR(v, 3, 2)-BIBDs for v = 1 (mod 9) and 
v # 55. This result provides one third of the possible spectrum for DNR(v, 3, 2)-BIBDs. The 
main construction is a frame construction which requires the existence of a new type of frame 
(a 3-complementary frame) and sets of three orthogonal partitioned incomplete Latin squares. 
We introduce t-complementary frames and prove the existence of 3-complementary 
(1,2; 3, m, 3)-frames with a finite number of possible exceptions. 
1. Introduction 
A balanced incomplete block design (BIBD) D is a collection B of subsets 
(blocks) taken from a finite set V of u elements with the following properties. 
(1) Every pair of distinct elements from V is contained in precisely A blocks of 
B. 
(2) Every block contains exactly k elements. 
We denote such a design as a (v, k, A)-BIBD. 
A (v, k, A)-BIBD D is said to be near resolvable if the blocks of D can be 
partitioned into classes (resolution classes) RI, RZ, . . . , R, such that for each 
element x of D there is precisely one class which does not contain x in any of its 
blocks and each class contains precisely 2, - 1 distinct elements of the design. The 
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classes RI, R2, . . . , R, form a resolution of D and D is denoted by NR(v, k, A)- 
BIBD. Two necessary conditions for the existence of a NR(v, k, A)-BIBD are 
u = 1 (mod k) and A = k - 1. It is easy to see that these conditions are sufficient 
for k = 2. In the case k = 3, Hanani has shown that these are also sufficient [7]. 
Let R and R’ be two resolutions of a NR(u, k, A)-BIBD. R and R’ are said to 
be orthogonal if IRi fl R,!I 6 1 for all Ri E R, RI E R ‘. (It should be noted that the 
blocks of the design are considered as being labelled so that if a subset of the 
elements occurs as a block more than once the blocks are treated as distinct.) If a 
NR(v, k, A)-BIBD has a pair of orthogonal resolutions, it is called doubly near 
resolvable and is denoted by DNR(u, k, A)-BIBD. We can use a pair of 
orthogonal resolutions of a DNR(u, k, A)-BIBD to construct a Y x 21 array. (For 
convenience, we often refer to this array as a DNR(n, k, A)-BIBD.) We index the 
rows and columns of the array with the pair of orthogonal resolutions R and R’. 
In the cell labelled (Ri, RI), we place Ri fl RI. If Ri CI RI = 0, the cell is left 
empty. The rows of the array will contain the resolution classes of the resolution 
R and the columns will contain.the resolution classes of the orthogonal resolution 
R’. If the DNR(u, k, A)-BIBD has the additional property that under an 
appropriate ordering of the resolution classes R and R’, Ri U RI contains 
precisely II - 1 distinct elements of the design for all i, then the array is called a 
(1, A; k, 21, 1)-frame. The diagonal of a (1, A; k, II, 1)-frame is empty and a unique 
element of the design can be associated with each cell (i, i). We note that it is not 
always possible to permute the rows and columns of a DNR(u, k, A)-BIBD to 
form a (1, A; k, ZJ, 1)-frame; we refer to [ll] for examples of DNR(u, k, A)- 
BIBDs which are not (1, A; k, II, 1)-frames. (This distinction between 
(1, A; k, II, 1)-frames and DNR(u, k, A)-BIBDs is important in recursive 
constructions.) 
In general, the spectrum of doubly near resolvable BIBDs remains open. The 
only case where the existence question has been completely settled is k = 2: there 
exists a DNR(v, 2, l)-BIBD if and only if u = 1 (mod 2) and u 27 [19]. Some 
results for the next case k = 3 are available and we refer to [ll] for a recent 
survey of these results. The best result from [ll] is the following. 
Theorem 1.1 [ll]. For 1 a positive integer, there exists a (1, 2; 3, 151+ 1, l)- 
frame. 
In this paper, we show that the results for k = 3 can be improved, and we can 
now prove the existence of DNR(u, 3, 2)-BIBDs for v = 1 (mod 9) with one 
possible exception. Our main recursive construction will require the existence of a 
new type of frame, a 3-complementary frame, and sets of three orthogonal 
partitioned incomplete Latin squares. In the next section, we introduce t- 
complementary frames and describe some constructions for these designs. In 
Section 3, we restrict our attention to 3-complementary frames. The main result 
of Section 3 will be to establish the existence of 3-complementary frames of type 
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3” with a finite number of possible exceptions. In Section 4, we use these designs 
together with sets of three orthogonal partitioned incomplete Latin squares of 
type 3” to construct a new class of DNR(n, 3, 2)-BIBDs. 
2. t-Complementary frames 
Let V be a set of r~ elements. Let Gi, G2, . . . , G,,, be a partition of V into m 
sets. A {G,, G2, . . . , G,}-frame F with block size k, index A and latinicity ~1 is a 
square array of side TV which satisfies the properties listed below. We index the 
rows and columns of F by the elements of V. 
(1) Each cell is either empty or contains a k-subset of V. 
(2) Let 4 be the subsquare of F indexed by the elements of G,. fi is empty for 
i=l,2,..., m. (The fi’s are often called the holes of the frame.) 
(3) Let j E G,. Row j of F contains each element of V - Gi p times and column 
j of F contains each element of V - G, p times. 
(4) The collection of blocks obtained from the nonempty cells of F is a 
GDD(v; k; G,, G2, . . . , G,,,; 0, A). (See [22] for the notation for group divisible 
designs (GDD).) 
We will use the following notation for frames. If ]G,] = h for i = 1, 2, . . . , m, we 
call F a (p, A; k, m, h)-frame. The type of a {G,, G2, . . . , G,}-frame is the 
multiset {]G,l, IG,(, . . . , lG,,l}. We will say that a frame has type t’;‘t;* * . . ty if 
there are U, GjS of cardinality ti, 1 s i s 1. 
Let 9 be a set of t {G,, G2, . . . , G,}-frames with block size k, index il and 
latinicity p, 9 = {F’, F*, . . . , F’}. Let F be the superposition of F], F*, . . . , and 
F’, F = FL o F2 o . . . o F’. Suppose F satisfies the following properties: 
(1) Let fi be the subsquare of F indexed by the elements of G,. F; is empty for 
i= 1,2,. . . , m. 
(2) Each cell of F contains at most one block of size k. 
Then 9 is called a set of t complementary {G,, G2, . . . , G,}-frames. More 
briefly, we say that there exists a t-complementary {G,, G2, . . , G,}-frame. It is 
clear that 1 s t c k. (A l-complementary {G,, G,, . . . , G,}-frame is just a 
{G,, G2, . . . , G,}-frame.) 
Various types of 2-complementary frames have been studied; these frames are 
usually called complementary frames. Complementary frames have been quite 
useful in constructing Kirkman squares and other types of doubly (near) 
resolvable designs [ 1 l-141. 
Several of the standard constructions for frames and complementary frames can 
be used to construct t-complementary frames for t 3 3; these include the PBD and 
singular direct and indirect product constructions. Since these constructions are 
straightforward generalizations of those for t = 1 and t = 2 [3,5,11, 14,211, we 
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omit the proofs. The first construction fills in the holes of a frame with another 
frame with smaller holes. 
Theorem 2.1. If there exists a t-complementary (u, A; k, s, n)-frame and a 
t-complementary (u, A; k, n + m, h)-f rame which contains as a subarray a t- 
complementary (p, A; k, m, h)-frame where 0 cm <n, then there exists a t- 
complementary (,u, A; s + m, h)-frame. 
Theorem 2.2 (PBD Construction). Let L be some subset of positive integers. Zf 
there exists a PBD(v; L) such that for each 1 E L there is a t-complementary 
(,u, A; k, 1, h)-frame, then there is a t-complementary (u, A; k, v, h)-frame. 
Theorem 2.3 (Singular direct product). Zf there is a t-complementary (u, A; 
k, m, h)-frame which contains as a subarray a t-complementary (u, A; k, n, h)- 
frame (n 2 0), a t-complementary (u, A; k, s, h’)-frame and a set of k mutually 
orthogonal Latin squares of side h(m - n)/h’, then there is a t-complementary 
(u, A; k, s(m - n) + n, k)-frame. 
Theorem 2.4 (Singular indirect product). Let u, v and w be nonnegative integers 
suchthatO~u<w<v.Supposethatv-u~O(modh’)andw-u~O(modh’).If 
there exist: 
(1) a t-complementary (u, A; k, m, h’)-frame, 
(2) an IA((v - u)h/h’, (w - u)hlh’, k + 2), 
(3) a t-complementary (u, A; k, v + 1, h)-frame which either contains as a 
subarray or is missing a t-complementary (,u, A; k, w + 1, h)-frame, and 
(4) a t-complementary (u, A; k, m(w - u) + u + 1, h)-frame, 
then there exists a (u, A.; k, m(v - u) + u + 1, h)-frame. 
The next construction uses sets of orthogonal partitioned incomplete Latin 
squares (OPILS). Let P = {S,, S,, . . . , Sm} be a partition of a set S (m 2 2). A 
partitioned incomplete Latin square, having partition P, is an IS( x ISI array L, 
indexed by the elements of S, satisfying the following properties: 
(1) A cell of L either contains an element of S or is empty. 
(2) The subarrays indexed by Si X Si are empty for 1 s i Cm. 
(3) Let j E Si. Row j of L contains each element of S - Si precisely once and 
column j of L contains each element of S - Si precisely once. 
The type of L is the multiset {l&l, I&l, . . . , I&l}. If there are Ui S,“s of 
cardinality tit 1 s i G k, we say L has type t'f't;' . . . tp. 
Suppose L and M are a pair of partitioned incomplete Latin squares with 
partition P. L and M are called orthogonal if the array formed by the 
superposition of L and M, L 0 M, contains every ordered pair in S x S - 
l_lEi (Si x Si) precisely once. A set of n partitioned incomplete Latin squares with 
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partition P is called a set of IZ mutually orthogonal partitioned incomplete Latin 
squares of type {L%l, IN, . . , ILI) ‘f 1 each pair of distinct squares is orthogonal. 
Theorem 2.5. If there exists a k-complementary (1, k - 1; k, m, h)-frame and a set 
of k orthogonal partitioned incomplete Latin squares of type h”, then there exists a 
k-complementary (1, k - 1; k, m, hk)-frame. 
Proof. Let v = {Cl;, G2;, G3i, . . . , G,;} for i = 1, 2, . . . , k, where IG,l = h for 
all i and j. Let V = I_);“=, V. 
Let 9 = {F,, 4, . . . , F,} be a set of k-complementary (1, k - 1; k, m, h)- 
frames where fi is a {Glj, GZi, . . . , Gmi}-frame. F will denote the array formed 
by the superposition of F,, F2, . . . and Fk, F = FI 0 F2 0 . . . 0 Fk. Similarly, let 
Z= {L,, L2,. . . ) Lk} be a set of k orthogonal partitioned incomplete Latin 
squares of type h”. Li will have partition {Gli, GZi, . . . , Gmi}. L will denote the 
array formed by superimposing L,, Lz, . . . , and Lk, L = L, 0 Lz 0 . . . 0 L,, 
Let Hi be the mhk X mhk array formed by taking the direct sum of F and k - 1 
copies of L. H, has the following form. 
Hi is a (1, k - 1; k, m, hk)-frame defined on V. The ith hole of H, is indexed by 
the elements of Uf_, Gil and Hi is a {lJf=, Gij, lJf=, Gzjj . . , lJ~=, GM,}-frame. 
Let Cj denote the ith set of mh columns of Hi, i.e. C, denotes the first mh 
columns, C, the next mh columns, etc. Then Hi = [CiCi+i . * * C,C, . * . Cj_,] is 
also a (1, k - 1; k, m, hk)-frame. It is easy to see that {Hi, Hz, . . . , Hk} is a set 
of k complementary (1, k - 1; k, m, hk)-frames. 0 
Starters and adders can also be used to construct sets of t complementary 
frames. In the next section, we describe starter-adder constructions for sets of 
3-complementary frames with block size k = 3. We conclude this section with an 
algebraic construction for starters and adders for (1, A; k, v, 1)-frames from [23]. 
This construction can also be used to produce t-complementary frames. (We refer 
to [23] for definitions for starters and adders for (1, A; k, v, 1)-frames.) 
Theorem 2.6 [23]. Let q = mt + 1 where q is a prime power, and let F = GF(q). 
Let T be the multiplicative subgroup of order t in F* = F - (0) and x be a 
primitive element of F. Let A4 be an m-set whose elements form a system of distinct 
representatives for the cosets of T and whose differences are evenly distributed over 
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the cosets. Then, S = (M, Mx”, Mx2”‘, . . . , M.x?‘)~) is a starter for a (1, m - 1; 
m, q, l)-frame. Furthermore, A(S) = (xn, ,I?+~, . . . , x(‘-‘)~+~) is an udder for S 
and there exists a (1, m - 1; m, q, 1)-f rume if and only if the elements of 
(a + xn: a E M) lie in distinct cosets of T. 
Corollary 2.7. Zf there exists a starter-udder pair, (S, A(S)), us described in 
Theorem 2.6, then there exists an m-complementary (1, m - 1; m, q, 1)-frame. 
Proof. {(X’S, x’A(S)) 1 i = 0, 1, 2, . . . , m - l} is a set of starter-adder pairs for a 
collection of m (1, m - 1; m, q, 1)-frames. Since Uzi’ x’A(s) = F*, the frames 
form a set of m complementary (1, m - 1; m, q, 1)-frames. Cl 
3. 3Xomplementary (1,2; 3, m, 3)-frames 
In this section, we prove the existence of 3-complementary (1,2; 3, m, 3)- 
frames with a finite number of possible exceptions. We first use starters and 
adders to construct frames for small orders. 
A frame starter S of order 2 over Zjm is a collection of m - 1 blocks of size 3, 
{S,, s2, . . . f &_i}, which satisfy the following properties. Let iz&, = Zj, - 
(0, m, 2m). 
(1) U2;’ s, = Zf. 
(2) Every element in Z:;, occurs precisely twice in Ur;’ Ai where Aj = 
{u-+,~ESi,U#zJ}. 
If T is a subset of .Z3,,, and a is an element of ZT3m, then T + a is the set obtained 
by adding a (mod 3m) to each element in T. An adder A(S) for the frame starter 
S is a set of m - 1 distinct elements (a,, u2, . . . , a,_,) of Zg;, such that 
U:;’ si + a, = z;,. 
Theorem 3.1 [3-4, 111. Zf there is a frame starter S of order 2 over z3,,, and a 
corresponding adder A(S), then there is a (1, 2; 3, m, 3)-frame. 
We can use starters and adders to construct sets of t complementary frames by 
requiring that the adders be complementary. 
Corollary 3.2. For i = 1, 2, 3, let S’ be a frame starter of order 2 over z3,,,, and let 
A’ be a corresponding udder for S’. Zf A’ U A2 U A3 = Z&, (and IA’ tl A’( = 0 for all 
i and j, i fj), then there is a 3-complementary (1, 2; 3, m, 3)-frame. 
Proof. This follows immediately from the starter-adder constructions. 0 
The simplest way to construct starter-adder pairs for 3-complementary 
(1,2; 3, m, 3)-frames is to find an adder of the form described in the following 
corollary. 
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Corollary 3.3. Let S and A(S) be a starter-adder pair for a (1, 2; 3, m, 3)-frame 
defined on Z3,,,. Suppose that Jai - ai/ $ (0, m, 2m) for all i, j, i #j and a;, 
aj E A(S). Then there is a 3-complementary (1, 2; 3, m, 3)-frame. 
Proof. A(S), A(S) + m, and A(S) + 2m form a set of 3 complementary adders for 
the frames. 0 
Lemma 3.4. There exist 3-complementary (1, 2; 3, m, 3)-frames for m E 
(5, 7, 9, 11, 13, 15, 17, 19, 23, 27). 
Proof. These frames were constructed using starters and adders of the form 
described in Corollary 3.3. The starters and adders are listed in Appendix 1. 0 
Intransitive starters and adders are used to construct some 3-complementary 
(1,2; 3, m, 3)-frames for m even. An intransitive starter over Z)3m_3 for a 
(1, 2; 3, m, 3)-frame written on the symbol set Z3m_-3 U {m, (Y, p} is defined to be 
a triple (S, R, C) where 
S= {{X,,y;, 2,}1 i= 1, 2,. . . , m - 51 U {co, 4 v> U ia, s, t> U {P, r, w>, 
c = {c,, c2, c,), and R = lb,, b2, &I, 
satisfying the following properties. Let Z,*,_, = Z3m--3 - (0, m - 1, 2(m - 1)). 
(1) suc=z,*,_,u{a,p,M}. 
(2) {*(Xi-y;),f(X,-Z;),f(yi-Z,)Ii=1,2 ,..., m-5) 
U {k(u - v), f(S - t), *(r - w)} 
U { f(ci - Cj), f(bi - bj) 1 i, j = 1, 2, 3 (i Zj)} = 223*,-3 
(3) {Ic;-Cj(,lbi-bjlli,i=1,2,3,i#i}n{311I=O,l,.,., m-l}=@ 
A corresponding adder A is a set {a,, a2, . . . , am-5, dl, d2, d3} where ai, d, E 
Z;,,-, such that no element of Z,*,_, occurs more than once in A and 
{xi + ai, y; + ai, 2, + ai 1 i = 1, 2, . . . , m - 5) 
U {u + dl, v + dI, s + dZ, t + d2, r + d3, w + d3) 
U{bl, bz, b4 = G-3. 
Theorem 3.5. If there exists an intransitive starter S and a corresponding adder A 
over Z3m--3 for a (1, 2; 3, m, 3)-frame, then there exists a (1, 2; 3, m, 3)-frame. 
Proof. We first use S and A to construct a (3m - 3) x (3m - 3) array. We add 3 
rows and 3 columns to this array; index the rows and column with the elements of 
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Z3,,,. The cells of these rows and columns are filled in as follows: 
i 
(i, 3m - 3) if i = 0 (mod 3), 
{cr + i, c2 + i, c3 + i} is placed in cell (i, 3m - 2) if i = 1 (mod 3), 
(i, 3m - 1) if i = 2 (mod 3); 
for i = 0, 1, 2, . . . , 3m - 2. 
(3m - 3, i) if i = 0 (mod 3), 
{b, + i, b2 + i, b, + i} is placed in cell 
1 
(3m - 2, i) if i = 1 (mod 3), 
(3m-l,i) ifi=2(mod3); 
for i = 0, 1, 2, . . . , 3m - 2. 
The remaining cells in these columns and rows are left empty. It is straightfor- 
ward to verify that the resulting array is a (1,2; 3, m, 3)-frame. 0 
Intransitive starters and adders can also be used to construct sets of 3 
complementary frames. 
Corollary 3.6. For i = 1, 2, 3, let (Si, R’, Ci) be an intransitive starter over Z&3 
for a (1, 2; 3, m, 3)-frame, and let A’ be a corresponding adder. If A’ U A2 U A3 = 
Zz,,_, and IA’ n A’1 = 0 f or all i, j, i fj, then there exists a 3-complementary 
(1, 2; 3, m, 3)-frame. 
Proof. Let F’ be the frame constructed using (S’, R’, c’) and A’. Index the rows 
and columns of F’ with the elements of .ZX,; the first 3m - 3 rows and columns 
are filled in using S’ and A’. The last 3 columns are filled in as follows 
(j = 0, 1, 2, . . . , 3m - 2): 
{ 
(j,3m-3) forj=O(mod3), 
R’ + j is placed in (j, 3m - 2) for j = 1 (mod 3), 
(j,3m-1) forj=2(mod3), 
{ 
(j, 3m - 2) for j = 0 (mod 3), 
R2 + j is placed in (j, 3m - 1) for j = 1 (mod 3), 
(j,3m-3) forj=2(mod3), 
i 
(j, 3m - 1) forj=O(mod3), 
R3 + j is placed in (j, 3m - 3) for j = 1 (mod 3), 
(j, 3m - 2) for j = 2 (mod 3). 
Similarly, we use C’, C2, and C3 to fill in the last 3 rows of the frames. It is easy 
to verify that {F’, F2, F3} is a set of 3 complementary (1,2; 3, m, 3)-frames. 0 
As before, it is often easiest to construct these frames with a single 
starter-adder pair where the adder has an additional property. 
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Corollary 3.7. Let (S, R, C) and A be an intransitive starter-adder pair for a 
(1, 2; 3, m, 3)-frame defined on Z3m_3 U {a, m, j?}. Suppose that (ui - vi1 $ 
64 m - 1,2(m - 1)) f or all ui, Vi E A (Ui #Vi). Then there is a 3-complementary 
(1, 2; 3, m, 3)-frame. 
Lemma 3.8. There exist 3-complementary (1, 2; 3, m, 3)-frames for m = 8 and 
m = 12. 
Proof. Intransitive starters and adders of the form described in Corollary 3.7 are 
listed for both cases in Appendix 2. 0 
The next starter-adder construction uses skew strong starters [5,15,21] to 
construct 3-complementary frames. 
Theorem 3.9. If there exists a skew strong starter of order q, then there is a 
3-complementary (1, 2; 3, q, 3)-frame. 
PrOOf. Let l$ = {Xjl, Xi2, . . . , Xi,} for i = 1, 2, 3, and let Si be a skew strong 
starter defined on v for i = 1, 2, 3. fi will denote the (1, 1; 2, q, 1)-frame 
generated by S, and E will denote the skew complement of Z$. (6 is a 
(1,l; 2, q, 1)-frame generated by -Si.) We will assume that the frames are 
indexed so that the jth hole of E or f;l is indexed by the element xii E &. 
We first construct three q x q arrays of pairs: A’ = FI 0 &, B’ = F, 0 &, and 
C’ = F3 0 F,. Then we construct triples in A’, B’, and C’ by adding elements to 
the skew transversals of these arrays. We use the patterned starter [5,15,21] to 
construct these transversals. Let Pi denote the patterned starter defined on r/;.. 
The table below describes how to add elements to the patterned starters, 
elements are added to the remaining skew transversals in the usual manner. Let 
A, B and C denote the resulting q X q arrays of triples. 
A’ addx,, to each pair in P, U Pz 
B’ add X, , to each pair in PI U f’? 
C’ add x2, to each pair in p7 U P, 
We construct a 3q x 3q array of triples F as follows 
A 
F= B CI c 
F is a (1,2; 3, q, 3)-frame defined on VI U V, U VT,. The elements which cor- 
respond to the ith hole of F will be xii, x2i and X3i. Each distinct pair in V, occurs 
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twice in F, once in A and once in C. Each distinct pair in V, occurs twice in F, 
once in A and once in B. Similarly, each pair in V, occurs twice in F, once in B 
and once in C. Each pair of the form {xii, Xy} (i Zj) occurs once in B and once 
in C, pairs of the form {xii, x~~} (i #j) occur in A and B, and pairs of the form 
tx2i, x3jl Ci #j) occur in A and C. We have verified that F is a (1,2; 3, q, 3)- 
frame. It is easy to see from its structure that it is 3-complementary. 0 
Corollary 3.10. Let q be an odd prime power, q 3 7 and q # 9. Then there exists a 
3-complementary (1, 2; 3, q, 3)-frame. 
Proof. Skew strong starters are known to exist for q an odd prime power, q 2 7 
and q # 9, [5, 17, 211. 0 
For some special cases in Section 4, we will also need the existence of some 
3-complementary frames of type 6”. We can generalize Theorem 3.9 to use skew 
strong starters for skew frames of type (2”)4. Since the proof is similar to that of 
Theorem 3.9, we omit it. 
Theorem 3.11. Zf there exists a skew frame of type (2”)q which has a set of 2”q 
skew transversals, then there exists a 3-complementary (1, 2; 3, q, 3 ’ 2”)-frame. 
Corollary 3.12. Let q = 1 (mod 4) be a prime power. Then there exists a 
3-complementary (1, 2; 3, q, 3 .2”)-frame. 
Proof. Skew frames of type (2”)q which have sets of skew transversals are 
constructed in [15]. 0 
We also need several frames which are constructed using the algebraic 
construction for (1,2; 3, m, 1)-frames (Corollary 2.6) and Theorem 2.5. 
Lemma 3.13. There exist 3-complementary (1, 2; 3, m, 3)-frames for m E (19, 31, 
37, 43, 49, 61, 64, 67, 73, 79, 157, 223, 229, 277, 283, 331, 439, 457, 499). 
Proof. Starters and adders are constructed using the algebraic construction for 
(1,2; 3, m, 1)-frames in [23] and [ll] for the values of m listed above. Since m is a 
prime power, there exists a set of 3 orthogonal partitioned Latin squares of type 
1” [l], and we can apply Theorem 2.5. 0 
We require the existence of certain PBDs in order to apply the PBD 
construction, Theorem 2.2, to find 3-complementary frames. The next two 
constructions use sets of mutually orthogonal Latin squares or transversal designs 
to construct PBDs, [8,3]. 
Lemma 3.14 [8, 31. Zf there exist 6 mutually orthogonal Latin squares of side s, 
then there is a PBD(7s + i; {s, i, 7, 8)). 
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Lemma 3.15 [8, 31. Zf there exist 7 mutually orthogonal Latin squares of side s, 
there is a PBD(7s + i + j; {s, i, j, 7, 8, 9)). 
The existence of the sets of mutually orthogonal Latin squares that we need is 
provided in [l] and [2]. 
Theorem 3.16 [l, 21. (i) For n positive integer, n 2 780, there exists a set of 7 
mutually orthogonal Latin squares of side n. (ii) For n a positive integer, 
n=l(mod4),n 2 9, there exists a set of 7 mutually orthogonal Latin squares of side 
n except possibly for n E (21, 33, 45, 69, 77, 85, 93). 
We can now determine the spectrum of 3-complementary (1,2; 3, m, 3)-frames 
with a finite number of possible exceptions. Let 
N = (6, 10, 14, 16, 18, 20, 22, 24, 26, 28, 30, 32, 34, 38, 39, 42, 44, 46, 48, 51, 
52, llS}. 
Lemma 3.17. There exist 3-complementary (1, 2; 3, m, 3)-frames for m a 
positive integer, 5 c m c 123, except possibly for m E N. 
Proof. The constructions used for these frames are listed in Table 1. 0 
Lemma 3.18. There exist 3-complementary (1, 2; 3, m, 3)-frames for m a positive 
integer, m 2 5 and m = 1 (mod 4). 
Proof. There exists a PBD(m; (5, 9, 13, 17, 29, 33, 49, 57, 93)) for m = 1 
(mod 4), [24,18]. We use Lemma 3.13 and Theorem 2.2 to construct the 
3-complementary (1,2; 3, m, 3)-frames. 0 
Lemma 3.19. There exist 3-complementary (1, 2; 3, m, 3)-frames for m a positive 
integer 124 d m s 292. 
Proof. We use Lemmas 3.14 and 3.15 together with Theorems 3.16 and the PBD 
construction. Theorem 2.2. 
(i) 124 d m 4 149. 
We write m = 7 . 17 + i + j where i, j E (0, 1, 5, 7, 8, 9, 11, 12, 13, 
15, 17) = Q. 
(ii) 150 s m 4 165. 
Wewritem=7*19+i+jwherei, jEQU{l9}. 
(iii) 166 =Z m =S 197. 
We write m = 7 * 23 + i + j where i, j E Q U (19, 21, 23). 
(iv) 198 SmS229. 
We write m = 7.27 + i + j where i, j E Q U (19, 21, 23, 25, 27). 
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Constructions for 3-complementary (1, 2; 3, m, 3)-frames 
for5cm<123, m$N 
m Construction 
5 starter-adder 3.4 
7 prime, starter-adder 3.4, 3.10 
8 intran. starter-adder 3.8 
9 starter-adder 3.4 
11 prime, starter-adder 3.4, 3.10 
12 intran. starter-adder 3.8 
13 prime, starter-adder 3.4, 3.10 
15 starter-adder 3.4 
17 prime, starter-adder 3.4, 3.10 
19 prime, starter-adder 3.4, 3.10, 3.13 
21 - 1 (mod 4) 3.20 
23 prime, starter-adder 3.4 
2.5 5.5 2.3 
27 prime power, starter-adder 3.4 
29 7(5 - 1) + 1 2.4 
31 prime 3.10, 3.13 
33 8(5 - 1) + 1 2.4 
3.5 5.7 2.4 
36 5(8 - 1) + 1 2.4 
37 prime 3.10, 3.13 
40 5.8 2.4 
41 5(9 - 1) + 1 2.4 
43 prime 3.10, 3.13 
45 5.9 2.4 
47 prime 3.10, 3.13 
49 7.7 3.13, 3.10, 2.4 
50 7.(8-l)+l 2.4 
53 - 1 (mod 4) 3.20 
54 7.7+5 2.2, 3.14 
5.5 5.11 2.4 
56 8.7 2.4 
57 7.8+1 2.2, 3.14 
58 7.8+1+1 2.2, 3.15 
59 prime 3.10 
60 5 .12 2.4 
61 5(13 - 1) + 1 2.4 
62 7.8+5+1 2.2, 3.15 
63 7.9 2.4 
64 8.8 2.4 
65 7.9+1+1 2.2, 3.15 
66 7.8+5+5 2.2, 3.15 
67 prime 3.10, 3.13 
68 7.9+5 2.2, 3.14 
69 7.9+5+1 2.2, 3.15 
70 7.9+7 2.2, 3.14 
71 7.9+8 2.2, 3.14 
72 8.9 2.4 
73 9(9 - 1) + 1 2.4 
74 PBD(74; {7,8,9)) [31 2.2 
75 5 . 15 2.4 
76 7.9+5+8 2.2, 3.15 
Result 
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Table 1 (contd.) 
m Construction Result 
71 
77 7.11 2.4 
78 7.11+1 2.2, 3.14 
79 7.11+1+1 2.2,3.15 
80 7.9+8+9 2.2, 3.15 
81 9.9 2.4 
82 7.11+5 2.2, 3.14 
83 7.11+5+1 2.2,3.15 
84 7+11+7 2.2, 3.14 
85 7,11+8 2.2, 3.14 
86 7.11+9 2.2, 3.14 
87 7.11+9+1 2.2, 3.15 
88 8. 11 2.4 
89 11(9-1)+1 2.4 
90 7.11+8+5 2.2,3.15 
91 7.13 2.4 
92 7.13+1 2.2, 3.14 
93 7.13+1+1 2.2, 3.15 
94 7.11+9+8 2.2, 3.15 
95 5.19 2.4 
96 7.13+5 2.2, 3.14 
97 7.13+5+1 2.2, 3.15 
98 7.13+7 2.2, 3.14 
99 7.13+8 2.2, 3.14 
100 7.13+9 2.2, 3.14 
101 7.13+9+1 2.2, 3.15 
102 7.13+11 2.2, 3.14 
103 7.13+11-t1 2.2, 3.15 
104 8. 13 2.4 
105 5.21 2.4 
106 7.13+8+7 2.2, 3.15 
107 7.13+8+8 2.2, 3.15 
108 7.13+8+9 2.2, 3.15 
109 7.13+9+9 2.2, 3.15 
110 7.13+11+8 2.2, 3.15 
111 7.13+11+9 2.2, 3.15 
112 7.13+13+8 2.2, 3.15 
113 7.13+11+11 2.2, 3.15 
114 7.13 + 11+ 12 2.2, 3.15 
115 7.13+13+11 2.2, 3.15 
116 7. 13 + 13 + 12 2.2, 3.15 
117 9.13 2.4 
119 7.17 2.4 
120 7.17+1 2.2, 3.14 
121 11.11 2.4 
122 11(12- 1) + 1 2.4 
123 PBD(123; {5,7,11})[20] 2.2 
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(v) 230~m ~261. 
We write m = 7 - 31+ i + j where i, j E Q U { 19, 21, 23, 25, 27, 29, 
31). 
(vi) m = 262, 263. 
Wewritem=11.23+9andm=11.23+9+1. 
(There exists a PBD(262; {9,11, 12,23}) and a PBD(263; 
{9,11,12,13,23,1}). 
(vii) 264 s m s 292. 
We write m = 7 .37 + i + j where i, j E Q U (19, 21, 23, 25, 27, 29, 
31, 33, 35, 36, 37). 0 
Theorem 3.20. There exist 3-complementary (1, 2; 3, m, 3)-frames for m a positive 
integer, m 2 5, except possibly for m E N. 
Proof. In Lemmas 3.17, 3.18 and 3.19, we have established the existence of 
3-complementary (1,2; 3, m, 3)-frames for 5 S m S 292 except for m E N. 
Letma293. Wewritem=7n+i+jwheren=l(mod4),n~41, n${45, 69, 
77, 85, 93) and 5 G i + j s 33, i, j E (0, 1, 5, 7, 8, 9, 11, 13, 15, 17, 19, 21). For 
n E (45, 69, 77, 85, 93}, we write m=7(n-4)+i+j where 5Si+jS61 and 
i, j E (0, 1, 5, 7, 8, 9, 11, 13, 15, 17, 19, 21, 23, 25, 27, 29, 31, 33, 35, 36, 37, 40, 
41). We apply the PBD construction, Theorem 2.2, using Theorem 3.16 and 
Lemmas 3.15, 3.17 and 3.18. q 
4. DNR(v, 3,2)-BIBDs 
In this section, we prove the existence of (1,2; 3, v, 1)-frames or DNR(v, 3, 2)- 
BIBDs for v = 1 (mod 9) with one possible exception. 
We will use the following existence result for sets of three orthogonal 
partitioned incomplete Latin squares from [9]. 
Theorem 4.1 [9]. There exists a set of three orthogonal partitioned incomplete 
Latin squares of type 3” for n a positive integer, n > 5, except possibly for n E (6, 
8, 10, 12, 14, 15, 16, 18, 20, 22, 24, 28, 30, 32, 34, 38, 44, 48, 58). 
We first construct a new class of frames. 
Lemma 4.2. Let M = (6, 8, 10, 12, 14, 15, 18, 20, 22, 24, 26, 30, 32, 34, 38, 39, 
42, 44, 46, 48, 51, 52, 58, 118). There exists a (1, 2; 3, m, 9)-frame for m a 5 and 
mBM. 
Proof. For m 3 5, m $ M U { 16, 28}, we apply Theorem 2.5 using the existence 
of 3-complementary (1,2; 3, m, 3)-frames, Theorem 3.20, and the existence of 3 
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OPILS of type 3” (Theorem 4.1). For m E { 16, 28}, we use the frame singular 
direct products (Theorem 2.3 for just frames). The existence of a (1, 2; 3, 16, l)- 
frame and a (1,2; 3,28, 1)-frame is established in [4]. q 
We will use Lemma 4.2 together with the existence of a (1,2; 3,10,1)-frame [4] 
to construct (1,2; 3,9m + 1, 1)-frames. 
Lemma 4.3. If there exists a (1, 2; 3, m, 9)-frame, then there exists a 
(1, 2; 3, 9m + 1, l)-frame. 
Proof. Let V = kJzI Gi, IGil = 9. Let F be a {G,, G2, . . . , G,,}-frame defined on 
V. F will be a (1,2; 3, m, 9)-frame. 
Let Ai be a (1,2; 3,10,1)-frame defined on Gi U (00) for i = 1, 2, . . . , m. Ai 
can be written in the following form, where E denotes the hole of the frame 
associated with m. 
A, = 
We construct a (1,2; 3,9m + 1, 1)-frame H from F and the Aj’s as follows. 
Place Bi in the ith hole of F for i = 1, 2, . . . , m; let F’ denote the resulting 
9m x 9m array. We will add a new column C to F’, C = [CIC2. . * C,]‘. Let 
F2 = [F’C]; F2 is a 9m X (9m + 1) array. Finally, we add a new row R to F2, 
R = [R,, R2. . . R,E]. Let H = 
F2 
[ 1 R ; H is a (9m + 1) X (9m + 1) array. It is easy 
to verify that H is a (1,2; 3,9m + 1, 1)-frame defined on V U (03). 0 
We can now construct one third of the spectrum for (1,2; 3,t~, 1)-frames or 
DNR(q 3, 2)-BIBDs. 
Theorem 4.4. There exists a (1, 2; 3, v, l)-frame for v = 1 (mod 9) except possibly 
for v = 55. 
Proof. Let M1 = (8, 12, 14, 18, 22, 34, 58}, let M2 = (10, 20, 30}, and let M3 = 
(15, 24, 26, 32, 38, 39, 42, 44, 46, 48, 51, 52, 118). M = MI U M2 U M3 U (6). 
The existence of (1,2; 3,9m + 1, 1)-frames for n = 1, 2, 3 and 4 has been 
established in [4, 111. Let m be a positive integer, m 3 5 and m 4 M. We can now 
use Lemmas 4.2 and 4.3 to construct the (1,2; 3,9m + 1, 1)-frames. We consider 
the remaining cases. 
(i) m E MI. In this case v = 9m + 1 is a prime and we will use Theorem 2.6. In 
Table 2, we list x, M and _rn for each value of v. 
(ii) m E M2. In this case, v =9m + l= 1 (mod 15). These values of v are 
covered by Theorem 1.1. 
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15 136 
24 217 
26 235 
32 288 
38 343 
39 352 
42 379 
44 397 
46 415 
48 433 
51 460 
52 469 
118 1063 
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Table 2 
(1,2; 3, v, 1)-frames for u E (73, 109, 127, 163, 
199, 307, 523) 
” X M xn 
73 5 5” 5’ 52 5’6 
109 6 6’ 6’ 62h 657 
127 3 3” 3’ 38 372 
163 2 20 2’ 22 2” 
199 3 3” 3’ 32 31”R 
307 5 5” 5’ 58 523 2 20 2’ 22’ ;: 
(iii) m E M3. We use the frame singular direct product for each of these values. 
These constructions are described in Table 3. 
Thus, we have constructed (1,2; 3, U, 1)-frames for II = 1 (mod 9) with the 
exception of u = 55.0 
Finally, we note that we can find an analogue to Theorem 4.4 for DR(u, 3, 2)- 
BIBDs. Since there exists a DR(12,3,2)-BIBD which contains as a subarray a 
Table 3 
(1, 2; 3, u, 1)-frames for u = 9m + 1, m E M3 
m ” Cdnstruction Frames required 
9.3.5+1 
6.9.4+1 
9.2.13+1 
18.16 + 1 
18. 19 + 1 
9.3.13+1 
7.6.9+1 
3.11.12+1 
9.46+ 1 
8.6.9+1 
9.3.17+1 
18.2.13+1 
9.118+1 
Type 3” 
(1,2; 3,28, 1)-frame 
Type 6’ 
(1,2; 3,25, 1)-frame 
Type 2” 
(1,2; 3,19,1)-frame 
(1,2; 3, 16, l)-frame 
(1,2; 3,19,1)-frame 
(1.2; 3,19,1)-frame 
Type 3” 
(1,2; 3,28, l)-frame 
Type 6’ 
(1,2; 3,43,1)-frame 
Type 3” 
(1,2; 3,37,1)-frame 
(1,2,3,46,9)-frame 
(1,2,3,10,1)-frame 
Type 6’ 
(1,2; 3,49,1)-frame 
Type 3” 
(1,2; 3,28, l)-frame 
Type 2’” 
(1,2; 3,37,1)-frame 
(1,2; 3,118,9)-frame 
(1,2,3,10,1)-frame 
3.20 
[41 
3.12 
[41 
;41 
[41 
141 
t41 
3.20 
[41 
3.12 
1231 
3.20 
[231 
4.2 
141 
3,12 
[I41 
3.20 
[41 
;231 
4.2 
[41 
* A (1,2; 3, 13,2)-frame is constructed by taking the direct sum of 2 copies of 
KS3(27; 1,l). [6, 161. 
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DR(3, 3, 2)-BIBD, we could also use Lemma 4.2 and a construction similar to 
that of Lemma 4.3 to construct DR(u, 3, 2)-BIBDs for v = 3 (mod 9). We state 
the result here and refer to [lo] for more recent and complete results on 
DR(v, 3, 2)-BIBDs. 
Theorem 4.5. Let v = 9m + 3 where m is a positive integer, m $ M U (3). There 
exists a DR(v, 3, 2)-BIBD which contains as a subarray a DR(3, 3, 2)-BIBD. 
Appendix 1 
Starters and adders for 3-complementary (1,2; 3, m, 3)-frames for m E (5, 7, 9, 
11, 13, 15, 17, 19, 23, 27). 
(1) m=5 
S 1 12 13 2 9 11 347 6 814 
A 1 7 4 13 
(2) m = 7 
S 1 2 5 3 8 20 4 13 15 6 9 19 10 12 18 11 16 17 
A 4 12 9 10 13 1 
For m 3 9, the starter is S U -S and the adder is A U -A. 
(3) m = 9 
s 12 16 17 2 4 14 19 22 3 20 26 6 
A 21 10 4 
(4) m=ll 
S 1 4 5 3 9 16 20 25 2 
A 31 5 18 
(5) m = 13 
S 2 3 27 6 8 17 7 10 15 
A 14 2 35 
(6) m = 15 
S 1 3 4 8 13 17 10 21 27 
A 21 25 22 
S 2 22 34 
A 42 
26 
12 14 26 10 18 27 
25 32 
16 34 38 4 14 20 9 21 28 
19 34 23 
7 14 36 6 25 33 5 19 29 
4 29 32 
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(7) m=17 
S 1 2 37 3 5 24 13 20 23 12 21 25 6 11 35 9 15 29 
A 7 9 15 45 14 46 
S 8 33 41 4 32 44 
A 13 18 
(8) m = 19 
S 1 2 33 3 7 36 5 12 39 8 20 22 9 14 25 16 26 34 
A 3 5 52 10 1 40 
S 10 13 30 4 40 46 6 15 28 
A 50 46 53 
(9) m = 23 
S 1 3 4 2 59 63 7 12 22 13 32 38 17 41 48 14 34 43 
A 1 30 21 43 38 64 
S 9 20 42 5 18 44 11 39 53 8 29 45 19 36 54 
A 42 17 55 13 34 
(10) m = 27 
S 1 2 63 3 7 66 4 11 68 6 16 71 5 20 33 9 41 49 
A 1 2 31 61 38 39 
S 28 34 57 14 23 44 8 43 45 26 59 62 12 46 51 25 39 50 
A 68 18 44 75 19 78 
S 21 52 64 
A 5 
Appendix 2 
Intransitive starters and adders for (1, 2; 3, m, 3)-frames for m = 8 and m = 12. 
(1) m=8 
S 124 3612 11 15 20 (Y 5 13 /? 8 18 m 10 16 
A 2 6 11 3 5 1 
C 9 17 19 
R 15 19 20 
3-complemen~aiy frames 
(2) m = 12 
S 1 2 4 3 5 6 7 12 16 8 13 23 9 21 27 10 19 26 
A 1 4 14 5 10 13 
S 18 24 31 a 14 28 p 17 30 ~0 20 32 
A 29 20 28 30 
C 15 25 29 
R 8 16 24 
77 
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